Complex moments of the local power spectrum (CMP) are investigated in a multiscale context. The multiscale CMPs are shown to approximate well the 1D angular fourier transform of the band in question. This observation is used to derive further properties of the power spectrum in terms of texture orientations or n-folded symmetry patterns. A method is presented to approximate the power spectrum using only separable filtering in the spatial domain. Interesting implications to the Gabor decomposition are shown. The number of orientations in the filter bank is related to the order of n-folded symmetry detectable. Furthermore, the multiscale CMPs can be estimated incrementally in the spatial domain which is both fast and reliable. Experiments on power spectrum estimation, orientation estimation and texture segmentation are presented.
A practical outcome of our findings is that the number of jointly detectable directions is determined by the number of orientations in the Gabor filter bank. This provides simple visual interpretations in terms of n-folded symmetries in the spatial domain. Conversely, when using too few Gabor filters the information loss is equivalent to losing the ability to detect jointly existing orientations in the image.
A consequence of the conclusions is that the multiscale CMPs can be calculated completely in the spatial domain (without the use of Gabor filters) by creating the frequency bands via a laplacian pyramid. Complex moments estimated this way are compared to the Gabor filters in the tasks of unsupervised texture segmentation, orientation estimation and power spectrum estimation. The multiscale CMPs describe the frequency band uniquely up to a 1D fourier transform which makes it possible to estimate the power spectrum without the use of Gabor filters.
In section 2 we outline the underlying concepts of local spectrum analysis, Gabor filters and directionality estimation by CMPs. The precise definition of multiscale CMPs is given in section 3 where we also present several of their properties. In section 4 a method for estimating the CMPs in the spatial domain is presented, which also leads to a scheme for estimating the power spectrum. We compare the two descriptors (Gabor power spectrum vs the spatially estimated multiscale CMPs) in section 5. We present the results from experiments in unsupervised texture segmentation. Finally, section 6 concludes the paper.
Local Spectrum Analysis
The local spectrum F x 0 ( ω) is defined as
where F is the Fourier transform, j = √ −1 and w σ ( x) is the window function with width parameter σ. The local spectrum is thus arrived at by considering the neighborhood about a pixel as an individual image, and taking its Fourier transform. This is a valuable tool to image analysis 1,2,3 .
The global spectrum of an image is obtained when the window is large, i.e. when σ → ∞ in Eq 1. We will omit local and/or global and refer only to the spectrum when it is obvious from the context or when the theory applies to both. Our concept of multiscale is to process the information found in separate bands (annuli) of the spectrum, centered around the dc component. We will use the terms scale and frequency band interchangeably. The magnitude squared of the local spectrum is defined as the local power spectrum ρ( ω) = |F x 0 ( ω)| 2 .
We note that Eq 1 can be viewed as a convolution, if x 0 is the new spatial variable and ω is assumed fixed. This corresponds to applying a Gabor filter 4 w σ ( x) exp −j ω T x on the image which yields samples of the local spectrum at a given position x 0 .
Different flavors of Gabor filters can be constructed by placing 2D low pass filters in the spectrum e.g. as seen in figure 1 (not frequency responses of low pass filters, but the actual placement of low pass filters in the Fourier domain). We will henceforth use the log-Gabor functions 7, 8, 9 which are gaussian low pass filters in logarithmic polar coordinates(log(z)) of the spectrum (which captures human frequency sensitivity better than cartesian frequency coordinates). Using polar coordinates (still in the frequency domain) these filters are given by
where r o and φ o are the placements of the filter in the radial and angular variable and σ r and σ φ are the widths of the filter radially and angularly, in the Fourier domain.
The Gabor filter responses are samples of a coarse local spectrum. The Gabor spectrum is the ordered set of all responses, at some point of interest x 0 , which corresponds to a low pass filtered and sampled local spectrum, as seen in figure 1 . . For n-folded symmetry, the joint directions of high energy are invariant to rotations of 2π n , but the texture itself is not necessarily so. Figure 2 shows an example of a texture with perfect 6-folded symmetry (it does however lack Rotational symmetry).
A. n-Folded Symmetry
For each orientation of a texture, there exists nonzero values concentrated to a line through the origin of the power spectrum. To find the amount and direction of n-folded symmetry in an image, one could therefore search for best matching line structures in the power spectrum.
The Structure Tensor 10 , maps the 2-folded case onto a well known problem from rigid body mechanics solved by the inertia tensor. This idea has been extended by ways of complex moments to find the group orientation pattern for the n-folded case 5 . Complex moments were introduced to spatial shape analysis as a technique to derive moment descriptors invariant to rotation 11, 12 . The complex moments of a function f (x, y) are defined by
Where a and b are non-negative integers. It is known that these moments, when taken on the power spectrum, have crisp n-folded symmetry interpretations 13 . Here the notation I p,p and I 2p,0 will only apply to moments taken on the power spectrum (CMPs) defined as
where λ 
For example, I 4,0 = (f xx − f yy + 2jf xy ) 2 dxdy, where f xy denotes second order partial derivatives w.r.t. x and y.
Multiscale CMPs
We will continue to use ρ to denote the power spectrum, but will for convenience write ρ (u, v) when using cartesian frequency coordinates and ρ(r, φ) for polar frequency coordinates. We will adopt the notation F {h(φ)} (p) , to mean the 1 dimensional Fourier transform of the
The single-scale CMPs are defined as the complete set of CMPs for all p but where the image is bandlimited to a band (annulus) at radius R, i.e. the power spectrum has nonzero values essentially only on a narrow circular band located R units from the origin. By taking sufficiently distinct and dense single-scale CMPs we obtain the multiscale CMPs. We will use the notation I
2p,0 to denote that it is a CMP over the band represented by R. Given an arbitrary image with power spectrum ρ(r, φ), we can limit it to a narrow band at R by a band-pass filtering:
where g(r, σ) is the Gaussian function with standard deviation σ.
With a power spectrum of the form in Eq. 8, the formula for complex moments becomes:
We are interested in the case when the frequency bands are narrow; i.e. when σ of the gaussian in Eq. (8) is small. We take the limit of the gaussian which will then act as a Dirac delta, i.e. when σ → 0 Eq. (9) reduces to:
where
and the transform is taken over the variable φ. In the same way we have that, for the limit σ → 0
The sequence of single-scale CMPs for p ∈ Z + encodes discrete samples of the 1 dimensional Fourier transform of ρ(R, φ). Furthermore, these CMPs contain all the information of the transform. This can be seen by inspecting the ρ(R, φ) function. Formally
is a periodic function with period π. The Fourier transform of a function with period π is a discrete function with the sampling interval of two units. Inspecting Eq. (10) and (11) we see that the interval between two samples are indeed two, and we can say that the entire transform is contained in the CMPs. The CMPs are in effect the coefficients of a Fourier series expansion of ρ(R, φ).
We denote with ξ(p):
We now consider only one band of the Gabor spectrum that covers the circle with radius R. We will denote the Gabor sampled function as ρ(R, k π q ) (k ∈ Z) while remembering that it is low pass filtered as well as sampled. The coefficients ξ(p) will be periodic with period q and are the discrete fourier transform (DFT) of ρ(R, k π q ):
If the amount of low pass that is performed by the Gabor filters is sufficient for the downsampling then no aliasing effects will be present, otherwise ξ(p) will be distorted and the estimated symmetries of order n = 2p will be unreliable. This shows the importance of having Gabor filters that are wide enough in the angular direction. On the other hand, if the Gabor filters are too wide then the low pass filtering will be too intense resulting in the values of ξ(p) for higher p (above some threshold p max ) to vanish and thereby their descriptive power to diminish.
We have now reached the point where we can show the following theorem: 
All orders, n ≤ n max , are possible to estimate whereas n > n max are impossible to estimate. n max could be expressed as q − 1, with the understanding that n max must be an even number.
A. Proof of Theorem 1
We will work with p = and the frequency components are the CMPs (Eq. 12). The Nyquist-Shannon sampling theorem states that the sampling frequency must be strictly greater than twice the highest frequency component, i.e.
End of proof
To estimate 2-folded symmetry (n = 2, i.e. regular orientation estimation) in a neighborhood a minimum of three filter orientations (q = 3) are required of the filter bank. For 4-folded (2 simultaneous orientations), 5 filter orientations are needed and so on.
As the Gabor decomposition is made coarser higher order symmetries are removed from the individual bands but not from the entire image. This has practical consequences which we illustrate by the example of figure 2. The texture of figure 2 contains three orientations (perfect six folded symmetry) when the full spectrum is considered. However when isolating the relevant narrow bands as can be done by Eq. (8) and illustrated in figure 2, only one orientation will result. The points of high energy are situated in different bands whereas no band contains more than one direction.
Given that enough bands are partitioned, the texture of figure 2 requires thus only three filter orientations. In multiscale, the texture contains only 2-folded symmetry, whereas the entire image contains 6-folded symmetry. In the power spectrum of figure 2, we can gather a maximum of six energy points (corresponding to totally n=6) in a single band when making the bands wider. In general, it is clear that individual bands may contain lower order symmetries than that of the whole image. However, it is also evident that individual bands may never contain higher order symmetries than that of the whole image. Figure 2 shows that when bands are considered together (not separately as in Theorem (1)) then fewer filter orientations may be possible. For a reliable estimate, where any band may contain the symmetry of the whole image, Theorem (1) provides the minimum number of filter orientations.
Spatial Implementation and Power Spectrum Estimation
Our assumption for multiscale is that energy is concentrated to only narrow bands in the spectrum. This can be done by Gabor decomposition of the texture and then considering the bands of the Gabor spectrum by themselves. Another approach can be taken by implementing a multiscale decomposition, e.g. using Mexican hat filters or separable gaussian filters (both essentially a laplacian pyramid).
After the laplacian pyramid has been built the CMPs can be approximated by the spatial operations of Eq. (6) and (7) which in turn are very fast to estimate using separable filtering.
Regardless of what filtering scheme chosen to construct the pyramid this spatial domain method is faster, compared to extracting the full Gabor spectrum and applying Eq. When the bands are narrow the properties of Eq. (10) and (11) will hold and the Gabor power spectrum and the multiscale CMPs converge to achieve the same goal, namely to represent the band. However, they describe the band uniquely in different domains that are Fourier transforms of each other. From this observation, we can formulate a scheme of estimating the power spectrum directly from the multiscale CMPs:
1. For each level of a laplacian pyramid, apply the Eq. (6) and (7) 
Experimental Results
We present experimental results on texture segmentation, power spectrum estimation and orientation estimation. The common goal with all three experiments is to show the descriptive power of CMPs calculated in the spatial domain and compare CMPs with the Gabor filter magnitudes.
A. Texture Segmentation
We present here the results of experiments on segmenting real textures with clear boundaries where the classification is performed unsupervised. This segmentation is not performed in a rotationally invariant manner, although the rotation can be easily factored out as outlined in section 2 A, yielding truly rotation invariant features. We choose not to do so here, as this would make the comparison with the unprocessed Gabor filters unreasonable. We We compared the multiscale CMPs with the Gabor power spectrum (used directly as features) to show that they are closely related as seen in Eq. (4) and (5) (we expect the results to be comparable between the two methods). To make the comparison on an equal basis, care was taken in the construction of the Laplacian pyramid so that the same radial partitioning was performed for both approaches.
The CMPs were calculated in the spatial domain, on the levels of the laplacian pyramid.
For the Gabor filter, the Log-Gabor scheme of Eq. (2) was used.
For all the results presented, we used an experimental setup of five levels of the pyramid, with the corresponding radial partitioning for the Gabor filters. We varied the orders of the CMPs that were extracted from each level. As features we selected the real and imaginary parts of the CMPs. The largest of feature vectors corresponded to p ∈ {1, 2}. The features were extracted from each level of the pyramid independently, resulting in a total of 25 features for p ∈ {1, 2} and 15 features for p = 1. For the Gabor filters, we varied the number of filters that partition in the angular direction of each band. We used 3 and 5 directions
for two experiments, resulting in exactly the same amount of features as for the CMPs.
We reduced the dimensionality by Principal Component Analysis 17 (PCA). For the Segmentation, where each pixel was assigned a class label, an efficient boundary estimation algorithm 18 was implemented (which is related to an older approach 19 based on a quadtree decomposition). The algorithm requires an independent clustering technique at a low resolution of the features. We used the fuzzy c-means clustering algorithm 20 .
Figures 4 and 5 display the results of segmentation using the CMPs and Gabor filter magnitudes respectively(the results for p3 are near perfect and thus omitted). Table 1 shows the percentage of correct pixels classified. As the number of features increase, the segmentation improves for both methods. For both set of features, the class boundaries become more accurate, and classes are less likely to merge. Interestingly, CMPs perform noticeably better on all 3 images, with the arguable exception p3 which is strongly homogenous and is segmented quite easily by both approaches.
Inspecting p3 we notice that most of the textures contain higher order symmetry (only two textures contain one dominant orientation, in the upper right corner and lower left corner of the image). We know from Eq. (4) and (5) Also for the left and center images we note that the segmentation is performed quite well using features corresponding to p = 1 which is partly accredited to the phenomenon of figure   2 and partly due to first order symmetry truly being present.
There are 3 major reasons for the results being different between the CMPs and Gabor decomposition. Firstly, the widths of the bands are not infinitesimal. Although the same radial partitioning is used, only when the bands are infinitesimally narrow will the two methods be identical. Secondly, the filters for performing angular low-pass within the bands differ between the methods. Thirdly, both encode the same information, yet one format may be better suited for texture segmentation(direct versus fourier representation). Figure 6 shows a frequency modulated test (FM-test) image. The direction of the wave changes angularly and the frequency depends on the radius (measured from the center).
B. Orientation Estimation
The FM-test image will be used for comparing orientation estimated in two different ways: a) from the Gabor spectra, and b) the spatial approach outlined in section 4.
A single frequency band in the spectrum will be equivalent to a band also in the spatial domain of the FM-test image. We will study ∠I 2,0 encoding the first order direction angle, on one such band. To use the Gabor power spectrum to estimate ∠I 2,0 , we apply Eq. 12, which directly relates the square magnitudes of the Gabor responses to I 2,0 . For these experiments we chose the parameter of the Gabor filters to be σ φ = π 2q
. Figure 7 shows the result of this experiment. The x-axis of figure 7 indicates a position in the ring of figure 6 . The correct direction is given by the dotted line and the estimated by the full line. We note that the spatial method yields better estimate than the Gabor spectrum approach, as no oscillatory behavior is present in the right figure. This phenomenon is due to the angular sampling of the Gabor spectrum. For the spatial method, while we still partition bands radially in spectrum, no angular sampling is performed. The oscillatory behavior is due to the non-ideal low-pass filtering by the Gabor filters; the spatially estimated CMPs do not suffer from this drawback.
C. Power Spectrum Estimation
The approach outlined in section 4 was implemented. A band pass filter first partition one narrow band of the spectrum, corresponding to σ = For the Gabor filters, the frequency band partitioning is selected to be similar to the band-pass described above. 21 filter orientations are present on the single band in the filter bank. The Gabor filtering is done completely in the Fourier domain. To estimate the power spectrum, the response of each filter is taken square magnitude and averaged, yielding 21 sample points describing the power spectrum along the band.
We used the left image of figure 3 , which was also used for the texture segmentation experiment. The results are shown in figure 8 , where we see that the CMPs and the Gabor filters describe approximately the same band. The difference in representation is mainly due the difference in the low pass performed. While the Gabor filters are Gaussian in the angular direction, the CMPs perform a brick-wall filtering in the frequency domain (this due to the finite number of CMPs used). We can make the CMPs converge better to the Gabor filters by dampening the higher order ones, but doing so will undermine the clear orientation interpretation of Eq. (4).
Summary and Conclusions
We have shown that multiscale CMPs have useful properties for applications. By investigating the CMPs in a multiscale context, we have found them to i) approximate the 1D
fourier transform of the band in question and ii) that the sequence of I 2p,0 together with I 1,1 uniquely determines the entire band. The < I 2p,0 determines the rotation of the band, and should therefore be omitted for applications where rotational invariance is desirable.
The multiscale CMPs can be calculated solely in the spatial domain, if a laplacian pyramid is constructed first, partitioning the spectrum into narrow bands. This in turn leads us to an alternative way of estimating the power spectrum, by using the CMPs without any Gabor filters. Being the Fourier transform of the Gabor power spectrum, CMPs are the frequency components of the band. By omitting some CMPs, we achieve low pass filtering in the angular direction.
These observations have enabled a novel interpretation of the Gabor Decomposition, in terms of orientation information. A relationship between the number of orientations in the Gabor filter bank and reliable orientation estimation (Theorem (1)) has been found.
We have shown experimental results that support the theory into power spectrum estimation, orientation estimation and texture segmentation. The results provide evidence of the multiscale CMPs strong descriptive power.
The low pass filtering of the Gabor filters make the orientation estimation less reliable, prone to oscillatory behavior. We showed that the spatial method is fast and accurate due to it leaving the bands intact when partitioning the spectrum. Furthermore, with CMPs the detail can be increased incrementally in contrast to the Gabor decomposition, where the results of previous coarser filter banks can not be used when the need for more orientations in the filter bank arise.
While the CMPs have many attractive properties, compared to using Gabor filters directly (especially in texture segmentation) it is in place to stress that the Gabor filter responses contain the phase information and not only the power spectrum. The CMPs do not have this capability because, by construction, they model the power spectrum. For applications where the phase matters, Gabor decomposition is still needed.
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